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MO¨BIUS DISJOINTNESS FOR HOMOGENEOUS DYNAMICS
RYAN PECKNER
Abstract. We prove Sarnak’s Mo¨bius disjointness conjecture for all unipotent
translations on homogeneous spaces of real connected Lie groups. Namely, we
show that if G is any such group, Γ ⊂ G a lattice, and u ∈ G an Ad-unipotent
element, then for every x ∈ Γ\G and every continuous, bounded function f
on Γ\G, the sequence f(xun) cannot correlate with the Mo¨bius function on
average.
1. Introduction
One of the most important objects in analytic number theory is the Mo¨bius
function, defined for positive integers n by
µ(n) =
 1 if n = 10 if n is not squarefree
(−1)r if n = p1 · · · pr is a product of r distinct primes.
The overall behavior of the Mo¨bius function is captured quantitatively by the
summatory function
S(N) :=
∑
n≤N
µ(n)
as N →∞. Sign fluctuations in µ(n), resulting from randomness in the distribu-
tion of prime numbers, create cancellations in S(N) that reflect specific number-
theoretic phenomena. For instance, the prime number theorem is elementarily
equivalent to the estimate S(N) = o(N), while the Riemann hypothesis is equiv-
alent to the power saving S(N) = Oǫ(N
1/2+ǫ) for all ǫ > 0.
Sarnak has formulated a less quantitative description of Mo¨bius randomness
from this standpoint that seeks to measure correlations of µ(n) with simpler func-
tions, rather than its intrinsic cancellations [S]. This simultaneously gives a rig-
orous grounding to the well-known “Mo¨bius randomness heuristic” [IK], which
states that the sum ∑
n≤N
µ(n)an
should be asymptotically small whenever an is a “reasonable” sequence of complex
numbers, and generalizes more precise results along these lines. These include
Vinogradov’s estimate for exponential sums∑
n≤N
µ(n) exp(2πiαn)≪A
N
logAN
for all A > 0,
and the generalization thereof to nilmanifolds due to Green-Tao [GT].
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Sarnak’s conjecture on the randomness of the Mo¨bius function is set in the
context of deterministic topological dynamical systems. It asserts that if X is
a compact metric space and T : X → X a continuous surjection such that the
topological entropy of (X, T ) is zero, then for every x ∈ X and every continuous
function f ∈ C(X), we have
1
N
N−1∑
n=0
µ(n)f(T nx)→ 0 as N →∞.
Thus, the notion of a reasonable sequence of complex numbers in this setting
is that of an observable sequence from a topological dynamical system of zero
entropy.
This statement deliberately avoids demanding a rate of convergence, as these
are currently available only for relatively simple systems. The fundamental nuance
in this formulation is that x may be any point whatsoever in the space X . If we
relax the convergence to merely hold almost everywhere with respect to some T -
invariant measure onX , the result follows from the spectral theory of the Koopman
operator for the system and Bourgain’s version of the ergodic theorem [B2].
This conjecture has been verified for certain rank-one transformations [B1,
ALR], skew-products on tori [LS], Kronecker systems and rotations on nilman-
ifolds [Dav, GT], and horocycle flows on surfaces of constant negative curvature
[BSZ], among other cases. The latter two examples, although quite different in
nature, are conceptually of the same ilk. Both are homogeneous dynamical sys-
tems of zero entropy, meaning that there is a Lie group G (a nilpotent group for
the nilmanifold case, and SL2(R) for horocycle flows) and a lattice Γ ⊂ G such
that the dynamics of the system are given by a zero-entropy homeomorphism of
the homogeneous space Γ\G.
The most basic class of such zero-entropy homeomorphisms is obtained by allow-
ing an Ad-unipotent element u ∈ G to act on Γ\G by right translation. This yields
a wide range of dynamical behavior, from a distal system when G is nilpotent to
one that is much more complex when G is semisimple (such as for horocycle flows),
being mixing of all orders [Sta]. The profound results of Ratner on the topological
and measure rigidity of such unipotent translations [R1, R2, R3, R4] render them
a fertile testing ground for many phenomena in dynamics, and indeed her results
are essential for proving the disjointness of µ(n) from horocycle flows [BSZ].
In this paper, we use the full generality of Ratner’s theorems to prove the dis-
jointness of the Mo¨bius function from all unipotent translations on homogeneous
spaces of connected Lie groups.
Theorem 1.1. Let G be a real connected Lie group, Γ ⊂ G a lattice, and u ∈ G
an Ad-unipotent element. Then for every x ∈ Γ\G and every continuous, bounded
function f on Γ\G, we have
1
N
∑
n≤N
µ(n)f(xun)→ 0 as N →∞.
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This does not quite settle Sarnak’s conjecture for all zero-entropy homogeneous
dynamics, as we do not account for the more general class of quasi-unipotent
affine automorphisms. These are maps on Γ\G of the form Tg ◦ α, where α is
an automorphism of G such that α(Γ) = Γ, and g ∈ G has the property that all
eigenvalues of Ad g ◦ dα are of absolute value 1 (Tg denotes right translation by
g on Γ\G). However, we strongly suspect that the ideas we present in proving
the disjointness conjecture for unipotent translations should generalize in a fairly
straightforward way to these systems.
It should be noted also that while we only prove our result for real connected
Lie groups, the statement and method of proof should be roughly similar for the
case of p-adic Lie groups and their products, as Ratner rigidity continues to hold
in this context [R4].
One may view this result as the statement that the Mo¨bius function is linearly
disjoint from all deterministic homogeneous dynamical systems of the stated kind.
Extending this statement beyond a linear expression in µ(n) seems out of reach at
present; even to produce significant cancellations in the second-order correlations
sum ∑
n≤N
µ(n)µ(n+ 1)
presents an enormous challenge, and may be as difficult as the twin prime conjec-
ture. The best known bound for this sum is the recent result of Matoma¨ki and
Radziwill [MR]: there exists some δ > 0 such that
1
N
∣∣∣∣∣∑
n≤N
λ(n)λ(n+ 1)
∣∣∣∣∣ ≤ 1− δ
for all sufficiently large N , where λ is the Liouville function λ(n) = (−1)Ω(n), with
Ω(n) the number of prime divisors of n counted with multiplicity. See also [C] for
related results.
In this vein, Sarnak has shown that the Mo¨bius disjointness conjecture fol-
lows from the well-known Chowla conjecture [T], which states that if m > 0 and
a1, a2, . . . , am are nonnegative integers, at least one of which is odd, then∑
n≤N
µ(n+ 1)a1µ(n+ 2)a2 · · ·µ(n+m)am = o(N).
An enriched version of the disjointness conjecture, allowing for correlations be-
tween such nonlinear expressions in µ and corresponding expressions in a de-
terministic sequence, is therefore unapproachable until the Chowla conjecture is
known.
It is our hope that our result may apply to the study of solutions of polynomial
equations in prime numbers, as in [GT]. However, such applications would require
a stronger version of our theorem, in which the rate of vanishing of the correlated
sum is quantified. As mentioned above, no such rates are known in the general
setting of Ratner’s theorems, though partial results have been obtained in this
direction [SU].
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1.1. Necessary background. We begin by recording several powerful results as
the fundamental input for our work. First, the following criterion allows us to
establish Mo¨bius disjointness by studying correlations of powers of the u-action.
Theorem 1.2 (The disjointness criterion, [BSZ] Thm. 2). Let F : N → C with
|F | ≤ 1 and let ν be a multiplicative function with |ν| ≤ 1. There exists a τ0 > 0
such that the following holds: let τ ≤ τ0 and assume that for all primes p, q ≤
e1/τ , p 6= q, we have that for M large enough∣∣∣∣∣∑
m≤M
F (pm)F (qm)
∣∣∣∣∣ ≤ τM. (1.1)
Then for N large enough,∣∣∣∣∣∑
n≤N
ν(n)F (n)
∣∣∣∣∣ ≤ 2√τ log(1/τ)N. (1.2)
In fact, the conclusion of this statement can be drawn even when the inequality
(1.1) is violated on a small set of primes, whose size may increase as τ → 0. We
will have more to say on this later.
Thus, our aim is to analyze the correlation limits
lim
N→∞
1
N
N∑
n=1
f(xuλn)f(xuµn) (1.3)
where, in the notation of Theorem 1.1, x ∈ X = Γ\G, f ∈ Cb(X), and λ, µ ∈ N.
Ratner’s uniform distribution theorem allows us to describe such limits in terms
of ergodic measures arising naturally from subgroups of G. If x ∈ X , we say that
the closure {xuk : k ∈ Z} of the u-orbit of x is homogeneous if there is a closed
subgroup H ⊂ G such that u ∈ H, x˜Hx˜−1∩Γ is a lattice in x˜Hx˜−1, where Γx˜ = x,
and {xuk : k ∈ Z} = xH .
Theorem 1.3 (Uniform distribution of unipotent trajectories - [R2] Theorem B
and Corollary A (1)). Let G be a connected Lie group, Γ ⊂ G a lattice, and u ∈ G
an Ad-unipotent element. Then every orbit of u acting on Γ\G is homogeneous
and uniformly distributed in its closure. More precisely, for every x ∈ X, there is
a closed subgroup H ⊂ G such that {xuk : k ∈ Z} is homogeneous with respect to
H as above, and we have
lim
N→∞
1
N
N−1∑
n=0
f(xun) =
∫
X
f dνH
for any bounded continuous function f on X, where νH is an H-invariant Borel
probability measure supported on xH.
Moreover, if H is the smallest closed subgroup of G with respect to which the
closure of the u-orbit of x is homogeneous, then the action of u on (xH, νH) is
ergodic.
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A probability measure of the form appearing in the above theorem is called
algebraic. Applying this theorem to the action of the unipotent element (uλ, uµ)
in the group G × G, we have that the limit (1.3) exists for any λ, µ > 0, and is
given by
lim
N→∞
1
N
N∑
n=1
f(xuλn)f(xuµn) =
∫
Γ\G×Γ\G
(f ⊗ f)(x, y) dν(x, y) (1.4)
where ν is an algebraic ergodic probability measure on the system (X×X, uλ×uµ).
Our proof proceeds by considering the various possibilities for the subgroup H
appearing in Theorem 1.3, relative to which the u-orbit of the point x is homo-
geneous. In section 3, we consider the case in which H is semisimple, where we
use geometric arguments to show that the correlation limit measure appearing in
(1.4) must be the trivial joining of the Haar measure of H with itself, for all but
finitely many primes p 6= q. In section 4, we consider the case that H is any
connected Lie group satisfying the conditions of Theorem 1.3, and use the Levi
decomposition to combine our work in the semisimple case with the known case
of Mo¨bius disjointness for nilmanifolds.
We begin by outlining our method in the case G = SL2(R). While this case
has already been addressed in [BSZ], we provide this concrete example in order to
illustrate our general approach in the case of semisimple groups.
2. The case G = SL2(R)
Suppose that Γ ⊂ SL2(R) is an arithmetic lattice, and let x ∈ Γ\G. By a
theorem of Dani, the closure of the u-orbit of x is one of a finite set, a circle, or
all of Γ\G. In the first two cases, the disjointness of µ(n) from the u orbit of x is
well-known to be true (by Dirichlet’s theorem on primes in arithmetic progressions
in the first case, and by a theorem of Vinogradov in the second [Dav]).
Thus, we suppose that the u orbit of x is uniformly distributed with respect to
the Haar measure νG. Then we have by Theorem 1.3
lim
N→∞
1
N
∑
n≤N
f(xupn)f(xuqn) =
∫
Γ\G×Γ\G
f ⊗ f dλ,
where λ is an ergodic joining of (Γ\G, up, νG) with (Γ\G, u
q, νG). We are clearly
finished if λ = νG × νG, since by the prime number theorem, the statement of
Mo¨bius disjointness is unaffected if we subtract
∫
Γ\G
f dνG from f .
Thus, suppose that there exists a nontrivial joining of (Γ\G, up, νG) with (Γ\G, u
q, νG).
By Ratner’s joinings theorem ([R1], or see Theorem 4.2 below), there exists some
β ∈ Com(Γ) such that
βuβ−1 = up/q,
and
x˜βx˜−1 ∈ Com(Γ),
where Γx˜ = x. It follows that x˜βx˜−1 belongs to P ∩ Com(Γ), where P is the
parabolic subgroup NG(x˜Ux˜
−1) (U being the one-parameter unipotent subgroup
generated by u). The fact that the u-orbit of x equidistributes with respect to νG
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implies that, on realizing P as the stabilizer stabG(z) of a point z ∈ P
1(R), we
have z 6∈ P1(Q). Hence, we will be finished if we can show the following.
Proposition 2.1. Let P ⊂ G be a proper parabolic subgroup, so that P = Pz is the
stabilizer of some z ∈ P1(R), and suppose that z 6∈ P1(Q). Let χ : P ∩Com(Γ)→
R∗>0 be a real character. Then χ(P ∩ Com(Γ)) ∩Q
∗ = {1}.
Letting χ be the real character of NG(U) defined by
γuγ−1 = uχ(γ),
which then determines a character of any conjugate of P , it follows that in the
setting above, we must in fact have p = q, i.e. there are no nontrivial joinings of
(Γ\G, up, νG) with (Γ\G, u
q, νG) if p 6= q. Theorem 1.2 then implies Theorem 1.1.
We divide into cases according to whether Γ is a uniform lattice in G.
2.1. Γ\G is compact. In this case, Γ is commensurable with a unit group in a
quaternion division algebra D defined over a totally real number field K [We]. Let
D be generated linearly over K by 1, ω,Ω, and ωΩ, where ω2 = a,Ω2 = b with
a, b ∈ K and a > 0 (this makes sense since K is totally real).
Consider the 4× 4 matrix representation
ψ : D → M4(R),
obtained by mapping α = x0 + x1ω + x2Ω + x3ωΩ to the matrix
x0

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
+x1

0 1 0 0
a 0 0 0
0 0 0 1
0 0 a 0
+x2

0 0 1 0
0 0 0 −1
b 0 0 0
0 −b 0 0
+x3

0 0 0 1
0 0 −a 0
0 b 0 0
−ab 0 0 0
 .
Let D1 be the group of unit quaternions; this is identified with the group of R
points of an algebraic K-subgroup of SL4 under this representation. The group of
rational points G := ResK/Q(D1) is then a subgroup of SLm(R) for some m ≥ 4.
Γ is isomorphic over K to a lattice commensurable with GZ, and so we have a
K-isomorphism
Com(Γ) ∼= Com(GZ).
Up to scalar multiples of the identity, Com(GZ) is simply GQ.
Now, suppose that P is a parabolic subgroup of SL2(R) defined over R, and
identify this with a parabolic subgroup of G (we will still use P to denote this
group). Let H be the Zariski closure of P ∩GQ inside SLm(R) (i.e. the smallest
zero locus of a set of polynomials with real coefficients containing P∩GQ). Observe
thatH is defined over Q, since it consists of rational matrices. Let χ : H → R∗>0 be
a character. If P is conjugate to the group of unipotent upper triangular matrices
in SL2(R), then χ must be trivial, so we assume instead that P is conjugate to
the group of all upper triangular matrices. Consequently, if g ∈ P is conjugate
to an upper-triangular matrix with diagonal entries λ, µ = λ−1, then χ(g) =
χ(diag(λ, µ)).
Since H ⊂ P , it follows from this that χ is determined by its behavior on a
maximal Q-algebraic torus S in H . Since Γ is a uniform lattice in SL2(R), so
too is GZ in GR, and therefore G is Q-anisotropic by the theorem of Borel and
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Harish-Chandra. This implies that G contains no nontrivial Q-split tori, so this
is of course true of H as well.
Therefore, S must be Q-anisotropic, so the restriction χ|S is defined over a
number field F with d := [F : Q] > 1. Since SQ consists of rational matrices,
we have χ(SQ) ⊂ F
∗. Thus, if we let NF/Q : F
∗ → Q∗ be the norm map, the
composite NF/Q ◦ χ : SQ → Q
∗ is well-defined. However, this composite is a Q-
character of SQ (since it’s fixed by the action χ
σ(g) = σ(χ(σ−1(g))) of Gal(F/Q)),
and therefore must be trivial (as otherwise it could be extended to a nontrivial
Q-character of the Q-anisotropic torus S).
It follows that if χ(s) ∈ Q∗ for some s ∈ SQ, then
NF/Q(χ(s)) = 1 = χ(s)
d
and since d > 1, this implies χ(s) = 1. Therefore, χ(SQ) ∩ Q
∗ = {1}, and from
the above it follows that χ(P ∩GQ) ∩Q
∗ = {1} as well.
These arguments immediately extend from P ∩ GQ to P ∩ Com(Γ): if B ∈
Com(Γ), then Bn belongs to DQ for some n ≥ 1. Therefore, we get χ(B
n) = 1 if
Bn belongs to a subgroup of H on which χ is trivial, and it follows in this case
that χ(B) = 1 since χ is a character.
2.2. Γ\G is noncompact. In this case, Γ is commensurable with SL2(Z), and
thus its commensurator is
Com(Γ) =
{
1
(detA)1/2
A : A ∈ GL2(Q)
}
.
Suppose P ⊂ G is a parabolic subgroup stabilizing a point z in P1(R)\P1(Q).
Let χ : P ∩ Com(Γ) → R∗ be a real character. We first restrict our attention to
P ∩SL2(Q). This consists of those rational matrices that stabilize z; in particular,
this group is trivial if z is not quadratic, so we assume there exist a, b, c ∈ Z such
that az2 + bz + c = 0, with (a, b, c) = 1 and d = b2 − 4ac > 0. Then we have
P ∩ Com(Γ) =
{(
t+bu
2
au
−cu t−bu
2
)
: t2 − du2 ∈ Q+, t, u ∈ Q
}
.
The Zariski closure of P ∩SL2(Q) is defined over Q. Thus, an argument similar to
that in the cocompact case implies that it suffices to show that P does not contain
a Q-split torus. Suppose to the contrary that it does contain a Q-split torus S.
This torus is conjugate via an element of GL2(Q) to the diagonal subgroup of
SL2(R), so S stabilizes a point in P
1(Q). The unipotent radical U of P contracts
S, i.e. we have
a−tuat → e as t→∞ for all u ∈ U, {at} ⊂ S.
Thus if {at} ⊂ S is a one-parameter subgroup such that the geodesic ray {aty}∞t=0
converges to z for some y ∈ H, then we have for any u ∈ U
lim
t→∞
dH(ua
ty, aty) = lim
t→∞
d(a−tuaty, y) <∞
since the set {a−tuat : t ≥ 0} is bounded. It follows that U and therefore all of P
fixes the same boundary point as S. But this contradicts the hypothesis that P
stabilizes z ∈ P1(R)\P1(Q).
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3. The general semisimple case
Let G be the real locus of a connected, semisimple algebraic group of noncom-
pact type with finite center defined over Q with G ⊂ SLn(R) for some n, Γ a
lattice in G, and u an Ad-unipotent element of G, acting by right translation on
the homogeneous space X = Γ\G. We aim to prove the following.
Theorem 3.1. For any point x ∈ X whose u-orbit is equidistributed relative to
the G-invariant Borel probability measure νG on X and any continuous, bounded
function f on X, we have
lim
N→∞
1
N
N−1∑
n=0
µ(n)f(xun) = 0. (3.1)
Let u = exp v where v ∈ g is nilpotent, and define the one-parameter unipotent
subgroup
U = {exp(tv) : t ∈ R} =
{
ut
}
.
Theorem 1.2 tells us that in order to establish Mo¨bius disjointness, we must study
correlations of the up and uq actions, where p 6= q are distinct primes. Applying
Ratner’s uniform distribution theorem (Theorem 1.3) to the action of (up, uq) on
Γ\G× Γ\G, we have
lim
N→∞
1
N
∑
n≤N
f(xupn)f(xuqn) =
∫
Γ\G×Γ\G
f ⊗ f dν, (3.2)
where ν is an ergodic algebraic joining of (Γ\G, up, νG) with (Γ\G, u
q, νG) which
is supported on the closed orbit {(xupn, xuqn)}n∈N.
Write x = Γξ, where ξ ∈ G. Let Nu = NG(U) and N
u
ξ = ξN
uξ−1. For the time
being, we restrict our attention to the case when Γ is an irreducible lattice in G.
Then by Ratner’s joinings theorem ([R1], though we use the implication in the
irreducible case from Theorem 3.8.2 in [KSS]), if ν 6= νG × νG, there exists β ∈ G
with
βuβ−1 = up/q
(so β ∈ Nu) such that
ξβξ−1 ∈ Com(Γ) ∩Nuξ .
There is a character χ : Nu → R∗>0 determined by
αuα−1 = uχ(α) for α ∈ Nu = NG(U).
This character is then also well-defined on any conjugate of P , and we see from
the above that
χ
(
ξβξ−1
)
= p/q.
In order to apply Theorem 1.2, we will show that the existence of such a β forces
the pair (p, q) to belong to a finite set determined by x.
Theorem 3.2. For the character χ described above, the intersection
χ
(
Com(Γ) ∩Nuξ
)
∩
{
p
q
: p, q are prime
}
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is finite. Therefore, if x ∈ Γ\G is u-generic for the Haar measure νG, then there
are at most finitely many pairs of primes p 6= q such that there is a nontrivial
joining of (Γ\G, up, νG) with (Γ\G, u
q, νG) which is supported on the closed orbit
{(xupn, xuqn)}n∈N.
The proof of this is divided according to the nature of the irreducible lattice Γ.
Recall that a lattice Γ is called arithmetic if there exist
(1) A closed, connected, semisimple subgroup G′ of some SLm(R) such that
G′ is defined over Q,
(2) Compact, normal subgroups K and K ′ of G and G′, respectively, and
(3) an isomorphism φ : G/K → G′/K ′,
such that φ(Γ) is commensurable to G′Z, where Γ and G
′
Z are the images of Γ and
G′Z in G/K and G
′/K ′, respectively ([WM2] Def. 5.18).
For nonuniform lattices in the kinds of groups on which we’ll focus, there is no
need for the compact subgroups arising in this definition:
Proposition 3.3 ([WM2] Cor. 5.27). Assume Γ is an irreducible, arithmetic,
nonuniform lattice in the semisimple group G, which is connected and has no
compact factors. Then, possibly after replacing G by an isogenous group, there
is an embedding of G in some SLm(R) such that G is defined over Q and Γ is
commensurable to GZ.
First, we may easily prove Theorem 3.2 in the case that Γ is a non arithmetic
lattice.
Proof of Thm 3.2 when Γ is not an arithmetic lattice in G. We have the follow-
ing theorem of Margulis:
Theorem 3.4 ([Mar]). Suppose Γ is an irreducible lattice in the semisimple Lie
group G. Then Γ is arithmetic if and only if Com(Γ) is dense in G. Moreover, if
Γ is nonarithmetic, then Com(Γ) is a lattice in G as well.
Hence, we have in this case that Com(Γ) is a lattice in G. In particular,
Com(Γ) ∩ Nuξ is finitely generated as an abstract group, and therefore so too is
χ(Com(Γ)∩Nuξ ). It follows that the set {p/q ∈ χ(Com(Γ)∩N
u
ξ ) : p, q are prime}
is finite. 
We now turn to proving Thm. 3.2 when Γ is arithmetic. As we now show,
this reduces to a statement about Q-split tori inside Com(Γ) ∩Nuξ . Let H be the
identity component of the Zariski closure in SLn(R) of GQ ∩ N
u
ξ (this does not
quite equal Com(Γ) ∩ Nuξ , but we will show in Proposition 3.6 below that these
groups are equivalent for our purposes). H is the group of Q-points of an algebraic
group defined over Q because GQ∩N
u
ξ consists of rational matrices; thus, it admits
a Levi decomposition H = LTU over Q, where L is semisimple, U is unipotent,
and T is a Q-torus.
It follows that χ(H) = χ(T ). Moreover, we have HQ = GQ ∩ N
u
ξ , and HQ =
LQTQUQ because H is defined over Q.
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Write T = SE where the Q-tori S and E are, respectively, Q-split and Q-
anisotropic. Then TQ = SQEQ because T is defined over Q, and therefore χ(HQ) =
χ(TQ) = χ(SQ)χ(EQ).
We now make the following key assumption:
Suppose that for the character χ discussed above, we have χ(S) = 1.
This is the fundamental point that will occupy our discussion below. If this as-
sumption holds true, we will have by the above χ(HQ) = χ(TQ) = χ(SQ)χ(EQ) =
χ(EQ). Let K/Q be the smallest number field over which E splits and let d =
[K : Q]; observe that d > 1 since E is Q-anisotropic. χ is defined over K (as
is any character of E), and we have χ(EQ) ⊂ K
∗ since EQ consists of matrices
with rational entries. Therefore, letting NK/Q be the norm map, the composite
ψ = NK/Q ◦ χ : EQ → Q
∗ is well-defined.
Observe that EQ has no nontrivial Q-characters; indeed, it is Zariski dense in E,
so such a character could be extended to a Q-character on all of E, contradicting
its Q-anisotropy. But ψ is a Q-character of EQ (indeed, the Q-characters are
precisely those characters invariant under the action
ψσ(g) = σ(ψ(σ−1g))
of Gal(K/Q)), and therefore must be trivial.
Suppose that χ(h) ∈ Q for some h ∈ EQ. Then NK/Q(χ(h)) = χ(h)
d. But
NK/Q(χ(h)) = ψ(h) = 1 by the above, so χ(h)
d = 1. Since d > 1 and χ only takes
positive real values, it follows that χ(h) = 1. This shows
χ(EQ) ∩Q
∗ = {1}.
Since χ(HQ) = χ(GQ ∩ N
u
ξ ) = χ(EQ), this yields Thm. 3.2, so long as our
main assumption above is true. Hence, the proof of Theorem 3.2 reduces to the
following.
Theorem 3.5. Suppose S ⊂ ξNG(U)ξ
−1 is a Q-split Q-torus, where the U-orbit
of x = Γξ is generic with respect to the Haar measure νG on X. Then χ(S) = {1}.
The proof of this may be divided into two cases.
3.0.1. Γ is an arithmetic lattice in G and Γ\G is compact. After replacing G by
the group G′ arising in the definition of arithmetic lattices, we may assume that
Γ is commensurable with GZ and the quotient GZ\GR is compact. Hence, the
theorem of Borel and Harish-Chandra ([BHC] Thm. 11.6) shows that G is a Q-
anisotropic group, meaning it contains no nontrivial Q-split torus. The same is
therefore also true of any subgroup of G, and Theorem 3.5 follows immediately in
this case.
3.0.2. Γ is an arithmetic lattice in G and Γ\G is not compact. In this case, we
may assume by Proposition 3.3 that Γ is commensurable with GZ. This allows us
to restrict our attention to rational matrices by the following.
Proposition 3.6. Let S be a subgroup of Com(Γ) and χ : S → R∗>0 a character.
If χ is trivial on S ∩GQ, then χ is trivial on S.
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Proof. Since Γ is commensurable with GZ, Prop. 4.6 on pg. 206 of [PR] yields
Com(Γ) = π−1((G/N)Q), where N is the largest invariant Q-subgroup of compact
type. Since G is assumed to have noncompact type, N is the finite subgroup
generated by the centers of the Q-simple factors of G. Since N is finite, we see that
if g ∈ S ⊂ Com(Γ), then gd ∈ GQ for some d ∈ N>0. But then χ(g
d) = χ(g)d = 1
since χ is assumed to be trivial on S ∩GQ; as χ only takes positive real values, it
follows that χ(g) = 1. 
In order to prove Theorem 3.5 in this case (when Γ\G is non-compact), we
will follow the ideas we used in the case of G = SL2(R) above, invoking the
fundamental relationship between parabolic subgroups of G and the boundary of
the symmetric space Y = G/K.
Proposition 3.7 ([GJT] Prop. 3.8). A closed subgroup P ⊂ G is parabolic if
and only if there exists a point z on the visual boundary Y (∞) of Y such that
P = stabG(z).
We now introduce several notions from [AM] in order to relate behavior at the
boundary of Y to Q-split tori in G, since the latter are the relevant object for
Theorem 3.5. Let y0 ∈ Y be any point.
Definition 3.8. We call η ∈ Y (∞) a horospherical limit point for Γ if every open
horoball based at η intersects the orbit Γ · y0.
This definition is independent of the choice of y0. Let’s illustrate this notion for
the case G = SL2(R) and Γ ⊂ G being any nonuniform arithmetic lattice. We
claim that the horospherical limit points for Γ acting on G/K = H are precisely
the points P1(R\Q). Indeed, suppose that η ∈ P1(R) is not a horospherical
limit point for Γ. We may identify η with the point at infinity by some element
of G, under which the horoballs based at η become simply the vertical regions
{z = x + iy ∈ H : y > t} for t ∈ R>0. Thus, the assumption that η is not a
horospherical limit point for Γ implies that for any basepoint y0 ∈ H, there is some
T ∈ R>0 such that the orbit Γy0 is contained in the region {x+ iy : 0 < y ≤ T}.
Observe that η belongs to P1(Q) if and only if its stabilizer P = stabG(η) ⊂
G contains a Q-split Q-torus. Suppose to the contrary that P contains a Q-
anisotropic Q-torus A. Then η is on the boundary of Ay0 for some y0 ∈ H. By the
above, the orbit (A∩Γ)y0 is bounded below a fixed vertical height in H. However,
since A is Q-anisotropic, its group of Z-points AZ = A ∩ SL2(Z) is a cocompact
lattice in A, and therefore so too is A∩ Γ since Γ is commensurable with SL2(Z).
It follows that the orbit Ay0 is also vertically bounded in H; but this contradicts
the hypothesis that η lies on the boundary of Ay0. Therefore, P contains a Q-split
torus, so η ∈ P1(Q).
For the converse, suppose η ∈ P1(Q). Then its stabilizer P contains a Q-split
torus S, and we have the Iwasawa decomposition G = NSK where N is the
unipotent radical of P . If η is a horospherical limit point for Γ, then it also is one
for SL2(Z), so we may find a sequence of elements γi ∈ SL2(Z) such that, writing
γi = nisiki under the Iwasawa decomposition, we have α(si)→∞, where α is the
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root of S in G obtained from the root of the usual Q-split torus defined by
α
(
t 0
0 t−1
)
= t2.
Since the stabilizer P of η is defined over Q, the Z points NZ of its unipotent
radical N form a cocompact subgroup of N , so there is a compact subset C ⊂ N
such that we may write any element of N as n = n′c where n′ ∈ NZ and c ∈ C.
Therefore, for the sequence γi above we can write
γi = n
′
icisiki,
and since ni ∈ NZ ⊂ SL2(Z), we may simply relabel as needed to see that there
is a sequence γi ∈ SL2(Z) such that γi = cisiki, where α(si)→∞ and ci belongs
to the fixed compact set C ⊂ N . Now, since α(si) → ∞, we have s
−1
i nsi → e
as i → ∞ for any n ∈ N , where e is the identity in G. Hence, since C ⊂ N
is compact, a diagonal argument applied to the sequence s−1i cisi shows that, by
passing to a subsequence if necessary, we have s−1i cisi → e as i→∞. Therefore,
if i is sufficiently large,
s−1i γi = s
−1
i cisiki ≈ ki.
Since ki ∈ K and K is compact, we may therefore assume by passing to another
subsequence that the sequence s−1i γi converges to some g ∈ G. Since S is Q-split,
there is some h ∈ GL2(Q) such that we may write
si = h
(
ti 0
0 t−1i
)
h−1
where ti →∞ as i→∞. Write
h−1g =
(
a b
c d
)
.
Then, since s−1i γi converges to g, we have for all sufficiently large i
γi ≈ sig = h
(
ti 0
0 t−1i
)(
a b
c d
)
= h
(
tia tib
t−1i c t
−1
i d
)
.
It follows that for all sufficiently large i, every entry of the rightmost matrix must
be close to the corresponding entry of h−1γi. Since h
−1 ∈ GL2(Q), there is an
integer M such that Mh−1 ∈ GL2(Z); then the bottom row of Mh
−1γi is close to
(Mt−1i c,Mt
−1
i d) for all large i. But c, d and M are fixed, whereas ti → ∞; this
implies that the bottom row of the integer matrix Mh−1γi consists only of zeros
when i is large enough, a contradiction.
The ideas we’ve illustrated in the case of SL2(Z) ⊂ SL2(R) have been gen-
eralized by Avramidi and Witte-Morris to yield the following theorem. For any
R-split torus S ⊂ G, there exists a point y ∈ Y such that Sy is a flat in Y (i.e. a
complete, totally geodesic flat submanifold). We say that this flat is Q-split if S
is defined over Q and Q-split.
Theorem 3.9 ([AM] Thm. 1.3). A point η ∈ Y (∞) is a horospherical limit point
for Γ if and only if η does not lie on the boundary of any Q
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The normalizer NG(U) is not in general a parabolic subgbroup of G, but we do
have by a construction of Borel and Tits that there exists a parabolic subgroup
P of G such that NG(U) ⊂ P [BT]. Let Pξ = ξPξ
−1, which is again a parabolic
subgroup of G, and as before letNuξ = ξNG(U)ξ
−1, so thatNuξ ⊂ Pξ. The following
claim is the key to proving Theorem 3.5.
Proposition 3.10. Suppose ξ ∈ G has the property that the U−orbit of the point
Γξ ∈ X = Γ\G is generic with respect to the Haar measure on G. Let
• Pξ be the parabolic subgroup of G defined above,
• A ⊂ Pξ be a maximal R-split torus,
• y ∈ Y be a point such that Ay is a flat in Y ,
• {at} be a nontrivial one-parameter subgroup of A such that {at} ⊂ Nuξ and
{at} 6⊂ ξCG(U)ξ
−1,
• η ∈ Y (∞) be the endpoint of the geodesic ray {aty}∞t=0, and
• η′ ∈ Y (∞) be the endpoint of the geodesic ray {a−ty}∞t=0.
Then at least one of η or η′ is a horospherical limit point for Γ.
Proof. We must show that either any open horoball in Y based at η intersects the
orbit Γy, or that this holds for any open horoball based at η′. Since {at} ⊂ Nuξ ,
we have for our character χ discussed above
atuξa
−t = u
χ(a)t
ξ .
Observe that since {at} 6⊂ ξCG(U)ξ
−1 = CG(ξUξ
−1), we have either χ(a) < 1 or
χ(a) > 1. We may assume that χ(a) < 1, since otherwise this is true with a−1 in
place of a, and the conclusion of the proposition is invariant with respect to this
inversion. Therefore
atuξa
−t = u
χ(a)t
ξ → e as t→∞. (3.3)
Let A+ denote a Weyl chamber of A containing the ray {at}∞t=0, and let
N = {u ∈ G : ckuc−k → e as k →∞ for all c in the interior of A+}.
N is a maximal unipotent subgroup of G, and we claim that ξUξ−1 ⊂ N . Let g
be the Lie algebra of G, and write uξ = exp ν where ν ∈ g is nilpotent. Let a ⊂ g
be the toral subalgebra of g corresponding to A, and let Φ be a system of roots of
g with respect to a which defines the Weyl chamber A+ ⊂ G (meaning that A+
corresponds to a Weyl chamber of a for the root system Φ). Then we have the
decomposition
g = g0 ⊕
⊕
α∈Φ
gα,
where gα are the root spaces
gα = {X ∈ g : [A,X ] = α(A)X for all A ∈ a}
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and
g0 = {X ∈ g : [A,X ] = 0 for all A ∈ a}.
Note that a need not be a Cartan subalgebra of g as it may not be maximal, but
that won’t be of concern to us. Using this decomposition, we write
ν = X0 +
∑
α∈Φ
Xα,
where X0 ∈ g0, Xα ∈ gα. We have
atuξa
−t = at exp(ν)a−t
= exp(atνa−t),
and we see that
atνa−t = atX0a
−t +
∑
α∈Φ
atXαa
−t
= Ad(at)X0 +
∑
α∈Φ
Ad(at)Xα.
Write at = exp(tA) with A ∈ a+, the Weyl chamber of a corresponding to the
Weyl chamber A+ ∋ at. Since Ad(exp Y ) = exp(adY ), we see that
Ad(at)X0 = exp(adtA)X0
= X0
(since adtAX0 = 0) and, for every α ∈ Φ,
Ad(at)Xα = exp(adtA)Xα
= etα(A)Xα,
since adtAXα = tα(A)Xα. From (3.3), we have a
tuξa
−t → e, and therefore
atνa−t = X0 +
∑
α∈Φ
etα(A)Xα → 0 as t→∞.
It follows that X0 = 0 and α(A) < 0 whenever Xα 6= 0. Since A is an element of
the Weyl chamber a+, it follows that
{α ∈ Φ : Xα 6= 0} ⊂
{
α ∈ Φ : α(C) < 0 for all C ∈ a+
}
.
Thus, if c = expC ∈ G is any element of the interior of A+, so that C ∈ a+, we
have
ckuξc
−k = exp
∑
α∈Φ
Ad(ck)Xα
= exp
∑
α∈Φ
ekα(C)Xα → exp 0 = e as k →∞.
It follows that ξUξ−1 ⊂ N , as claimed.
Now, let A⊥ denote the complement in A of {a
t} with respect to the Killing
form. Then for any s ∈ R≥0, the set
Os =
⋃
t>s
NA⊥a
ty ⊂ Y
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is an open horoball based at η, and any such horoball may be written in this form
([AM] Lemma 2.5).
For any s ∈ R, the set Vs = ∪t>sNξA⊥a
ty˜K ⊂ G is open in G, where y˜ ∈ G is
chosen so that its coset in G/K equals y. Now, since the U orbit of Γξ is dense in
Γ\G, the set ΓξU is dense in G. Therefore, the set Uξ−1Γ is also dense in G, and
so too is ξUξ−1Γy˜. Hence, the latter set must intersect the open set Vs, so there
exists some t > s such that
NA⊥a
ty˜K ∩ ξUξ−1Γy˜ 6= ∅.
But by the preceding discussion, we have ξUξ−1 ⊂ N ; thus the above implies
NA⊥a
ty˜K ∩ Γy˜ 6= ∅,
and since t > s, this shows that Os ∩ Γy 6= ∅, proving the claim.

We are now in a position to prove Theorem 3.5.
Proof of Theorem 3.5. Suppose S ⊂ ξNG(U)ξ
−1 is a nontrivial Q-split Q-torus,
but that χ(S) 6= {1}. Then the definition of χ implies there is a one-parameter
subgroup {at} ⊂ S (so that {at} ⊂ Nuξ ) such that {a
t} 6⊂ ξCG(U)ξ
−1. Moreover,
since S ⊂ ξNG(U)ξ
−1 ⊂ Pξ and S is a Q-split and thus R-split torus in G, and
since Pξ is parabolic, there is a maximal R-split torus A ⊂ Pξ of G such that
S ⊂ A, and in particular {at} ⊂ A. Choose y ∈ Y such that Ay is a flat in Y .
Let η ∈ Y (∞) be the endpoint of the geodesic ray {aty}∞t=0, and η
′ the endpoint
of {a−ty}∞t=0. Then by Proposition 3.10, either η or η
′, both of which are on the
boundary of the Q-split flat Sy, is a horospherical limit point for Γ. But this
contradicts Theorem 3.9. 
This proves Theorem 3.2 when Γ is irreducible, but we wish to consider all
lattices in the statement of Theorem 3.1. Thus, suppose that Γ is any lattice in
G. The space Γ\G is finitely covered by a homogeneous space of a semisimple
group which is totally noncompact and has trivial center; since it clearly suffices
to prove Theorem 3.1 for a cover of Γ\G, we may assume that G itself has trivial
center. Then there is a direct product decomposition G = G1 × G2 × · · · × Gr
such that each Gi is semisimple and Γ is commensurable to Γ1 × · · · × Γr, where
Γi = Γ ∩Gi is irreducible in Gi for each i ([WM2] Proposition 4.28).
Let Γ′ = Γ∩Γ1×· · ·×Γr, so that X
′ = Γ′\G is a finite cover of both X = Γ\G
and of Γ1\G1 × · · · × Γr\Gr. Let {x
′
1, . . . , x
′
m} ⊂ X
′ be the fiber of X ′ → X over
x. Since the u-orbit of x is generic for the G-invariant probability measure on X ,
there must exist some 1 ≤ j ≤ m such that the u orbit of x′j is generic for the
G-invariant probability measure on X ′. The u-orbit of the image of this point in
Γ1\G1 × · · · × Γr\Gr is therefore generic for νG1 × · · · × νGr , using the obvious
notation. This yields points xi ∈ Γi\Gi for i = 1, . . . , r, such that the ui-orbit of
xi is generic for νGi , where ui is the projection of u to Gi.
Since the ui-orbit of xi is generic for νGi , and since Γi is an irreducible lattice in
Gi, we find from Theorem 3.2 that the set Pi of pairs of distinct primes p 6= q for
which there exists a nontrivial joining of (Xi, u
p
i , νGi) with (Xi, u
q
i , νGi), supported
on the (upi , u
q
i )-orbit of (xi, xi), is finite for i = 1, . . . , r.
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Suppose that ν 6= νG×νG, where ν is the joining appearing in (3.2). Then there
is a nontrivial joining ν ′ of (X ′, up, νG) with (X
′, uq, νG) that projects to ν, and
whose image on Γ1\G1 × · · · × Γr\Gr is nontrivial and supported on the u-orbit
of ((x1, . . . , xr), (x1, . . . , xr)). There must then exist some 1 ≤ i ≤ r such that the
projection of this joining to Xi × Xi is nontrivial. Hence, the set P of pairs of
distinct primes p 6= q for which there exists a nontrivial joining of (X, up, νG) with
(X, uq, νG), supported on the (u
p, uq)-orbit of (x, x), is contained in P1 ∪ · · · ∪ Pr,
and thus must be finite by the above. This proves Theorem 3.2 for all lattices Γ,
which we now show implies Theorem 3.1.
Proof of Theorem 3.1. Let c =
∫
Γ\G
f dνG. Since∑
n≤N
µ(n)f(xun) =
∑
n≤N
µ(n)(f(xun)−c)+c
∑
n≤N
µ(n) =
∑
n≤N
µ(n)(f(xun)−c)+o(N)
by the prime number theorem, we may assume without loss of generality that
c = 0. By (3.2) and Theorem 3.2, we then have for all but finitely many p 6= q
lim
N→∞
1
N
∑
n≤N
f(xupn)f(xuqn) =
(∫
Γ\G
f dνG
)2
= 0,
and Theorem 3.1 now follows from Theorem 1.2. 
4. The general case
We now consider all possibilities for the group H appearing in Theorem 1.3,
rather than only semisimple ones. Indeed, letting x = Γξ with ξ ∈ G, this
theorem yields a closed subgroup C ⊂ G×G such that {(upt, uqt)}t∈R ⊂ C, Γ
ξ
C :=
ξ˜−1(Γ× Γ)ξ˜ ∩ C is a lattice in C (where ξ˜ = (ξ, ξ) ∈ G×G), and
lim
N→∞
1
N
N−1∑
n=0
f(xupn)f(xuqn) =
∫
X×X
f ⊗ f dνC (4.1)
for any bounded continuous function f on X , where νC is a C-invariant probability
measure supported on (x, x)C. At the same time, there exists a closed subgroup
H ⊂ G such that {ut}t∈R ⊂ H,Γ
ξ
H := ξ
−1Γξ ∩H is a lattice in H and
lim
N→∞
1
N
N−1∑
n=0
f(xun) =
∫
X
f dνH
for any bounded continuous function f on X , where νH is an H-invariant prob-
ability measure supported on xH . It follows that νC is a joining of the systems
(X, up, νH) and (X, u
q, νH). Observe that each of these systems is conjugate (in the
measure-theoretic sense) to the corresponding system on the smaller homogeneous
space ΓξH\H ; this is provided by the map
Γ\G→ ΓξH\H
Γξh 7→ ΓξHh,
which is well-defined and defined νH-almost everywhere, since this measure is
supported on xH . The image of the measure νC , which lives on the product
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X × X , under the product of this conjugacy with itself, is then a joining of the
systems (ΓξH\H, u
p, νH) and (Γ
ξ
H\H, u
q, νH). We will refer to this joining as λ, and
denote XH := Γ
ξ
H\H . We will also abuse notation and write Γ
ξ
H = Γ from now on.
By the second part of Theorem 1.3 , we may assume that the systems (XH , u, νH)
and (XH ×XH , u
p × uq, λ) are ergodic.
Now, since the identity component H0 has finite index in H , it does no harm to
assume that H is connected. Furthermore, on passing to the universal cover, we
may assume that H is simply connected as well. This is justified by the obvious
fact that the statement of Theorem 1.1 holds for Γ\H as soon as it holds for any
topological cover thereof.
We now consider the real Levi decomposition of the connected, simply connected
real Lie group H [PR]: we may write H as a semi-direct product H = L ⋊ R,
where L is a maximal semisimple subgroup of H , and R is its solvable radical
(the maximal connected normal solvable subgroup of H). R is the kernel of the
projection p : H → L, and both L and R are connected and simply connected.
We wish to relate the unipotent flow on Γ\H to one on a homogeneous space of
L, to which end we require the following fact.
Proposition 4.1 ([Sta2],[Wi]). Suppose that H is a connected Lie group with
Levi decomposition H = L ⋊ R, and Γ ⊂ H is a lattice such that Γ\H supports
an ergodic unipotent translation. Then L is totally non-compact (i.e. it has no
nontrivial compact factors).
It follows from this and Wang’s theorem ([Sta] Theorem E.11) that the pro-
jection of Γ into L under p is a lattice ΓL in L, and R ∩ Γ is a lattice ΓR in
R. Let XL = ΓL\L, and let ν be the image of λ under the product projection
XH ×XH → XL ×XL.
ν is an ergodic joining of the systems (XL, u
p
L, νL) and (XL, u
q
L, νL), where uL =
p(u) ∈ L and νL is the L-invariant Borel probability measure on XL. Moreover,
ν is supported on the closure of the (upL, u
q
L)-orbit of a point (xL, xL), where the
uL orbit of xL in XL is uniformly distributed with respect to νL (indeed, the
topological density of the u-orbit of x in XH implies the same of its image under
the continuous surjection XH → XL).
It now follows from our analysis in the previous section (specifically, Theorem
3.2) that either ν = νL×νL, or the pair (p, q) belongs to a finite set determined by
the point x. The latter case has no effect on the disjointness criterion (Theorem
1.2), so we may assume in what follows that
ν = νL × νL. (4.2)
Thus, we have an ergodic joining λ of (XH , u
p, νH) and (XH , u
q, νH) whose
projection to XL × XL is the product measure νL × νL. In order to lift this
information to the level of the group H , where the Levi decomposition H = L⋊R
may be directly used, we need the full generality of Ratner’s joinings theorem.
To state this, we require some terminology. Suppose that H a connected Lie
group, Γ a lattice in H , u1, u2 ∈ H unipotent elements, and ν the H-invariant
Borel probability measure on X = Γ\H . Let λ be an ergodic algebraic joining of
(X, u1, ν) with (X, u2, ν) and Λ = stabH×H(λ), so that there exists some x(λ) ∈
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X ×X such that λ(x(λ)Λ) = 1 (by Ratner’s measure classification theorem - [R1]
Theorem 1). Then the subgroups Λ1,Λ2 ⊂ H defined by
Λ1 = {h ∈ H : (h, e) ∈ Λ}, Λ2 = {h ∈ H : (e, h) ∈ Λ} (4.3)
are closed normal subgroups of H . For z ∈ X , let
ξλ(z) = {y ∈ X : (z, y) ∈ x(λ)Λ}.
This is called the z-fiber of λ.
Theorem 4.2 ([R1] Theorem 2). Let all notation and assumptions be as in the
above paragraph. Then there is a c ∈ H and a continuous, surjective homomor-
phism α : H → H/Λ2 with kernel Λ1 and α(u1) = u2Λ2, such that
ξλ(Γh) = {Γcβiα(h) : i = 1, . . . , n}
for all h ∈ H, where the intersection Γ0 = α(Γ) ∩ cΓc
−1Λ2 is of finite index in
α(Γ) and cΓc−1Λ2, n = |Γ0\α(Γ)|, and α(Γ) = {Γ0βi : i = 1, . . . , n}.
Recall that, in our setting, λ is an ergodic joining of (XH , u
p, νH), with (XH , u
q, νH),
and its pushforward to XL ×XL under the map induced by the projection p× p :
H × H → L × L is the product measure νL × νL. We now process Ratner’s
description of joinings in the following way.
Proposition 4.3. Let Λ1,Λ2 ⊆ H be the normal subgroups defined in eq. (4.3).
Then we have p(Λ1) = p(Λ2) = L.
Proof. By Ratner’s measure classification theorem, we have λ(x0Λ) = 1 for some
x0 ∈ XH × XH , and it follows that (π × π)∗λ((π × π)(x0Λ)) = 1. Clearly, (π ×
π)(x0Λ) = ((π×π)x0)(p×p)Λ. Since (π×π)∗λ = νL×νL, it follows that we must
have ((π × π)x0)(p× p)Λ = XL ×XL, which yields (p× p)Λ = L× L.
Given h ∈ H , we write α(h) = h˜Λ2, where α : H → H/Λ2 is the surjective
homomorphism of Ratner’s joinings theorem above. Since Λ2 is a closed, normal
subgroup of H , H/Λ2 := H2 is a connected Lie group in its own right, and we let
p2 : H2 → L/p(Λ2) be the projection induced by p : H → L. Observe that we
may identify L/p(Λ2) := L2 as a Levi subgroup of H2.
Now, let h ∈ H , and let x ∈ ξλ(Γh) be a point in the Γh-fiber of λ. Then
by Ratner’s joinings theorem, there exists an index i ∈ {1, . . . , n} such that x ∈
Γcβiα(h) = Γcβih˜Λ2. It follows that
πL(ξλ(Γh)) = {πL(Γcβih˜Λ2) : i = 1, . . . , n} = {ΓLcLδip2(h˜Λ2) : i = 1, . . . , n}.
where cL = πL(c) and δi = p(βi). Now, observe that α(R) is a connected, nor-
mal, solvable subgroup of H2, and therefore that p2 is trivial on α(R) since L2 is
semisimple, being a quotient of the semisimple group L. It follows that if we let
h = ℓr with ℓ ∈ L and r ∈ R, then
p2(α(h)) = p2(α(ℓr))
= p2(α(ℓ)α(r))
= p2(α(ℓ))
= p(ℓ˜)p(Λ2).
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Therefore,
πL(ξλ(Γh)) = {ΓLcLδip(ℓ˜)p(Λ2) : i = 1, . . . , n}.
On the other hand, we have from above that (p × p)(Λ) = L × L, from which it
follows that πL(ξλ(Γh)) = XL for any h ∈ H . Indeed, if we let w ∈ XL, then there
is some z ∈ XH such that (π × π)(Γh, z) = (y, w) and (Γh, z) ∈ supp(λ) = x0Λ.
It’s then clear that π(z) = w and z ∈ ξλ(Γh). We have shown that
{ΓLcLδip(ℓ˜)p(Λ2) : i = 1, . . . , n} = XL,
and since p(Λ2) is a closed subgroup of L while p(ℓ˜) ∈ L and n ∈ N are fixed,
it follows that p(Λ2) = L, as desired (otherwise, we would have written XL as
a finite union of lower-dimensional submanifolds). We immediately get the same
conclusion for Λ1, since by Ratner’s joinings theorem, the groups H/Λ1 and H/Λ2
are isomorphic (under α). Hence, the triviality of the Levi factor L/p(Λ2) of H2
implies that L/p(Λ1) must be trivial as well.

The following easy lemma will allow us to use this proposition to relate the
action of (up, uq) to the action of (upL, u
q
L), where uL = p(u) ∈ L, and to that of
(upR, u
q
R), where uR ∈ R is the unique element such that u = uLuR.
Lemma 4.4. Let H be a connected Lie group with Levi decomposition H = L⋊R.
If N ⊂ H is a closed, connected, normal subgroup such that p(N) = L, then
L ⊂ N .
Proof. Since N is closed in H , it is a connected Lie group in its own right, and
thus admits a Levi decomposition N = S ⋊ Q, where Q is the solvable radical
of N . Observe that R ∩ N is a connected, normal, solvable subgroup of N , and
therefore R∩N ⊆ Q since Q is the largest such subgroup. At the same time, since
p|N : N → L is surjective, the image p(Q) ⊂ L is a normal, connected, solvable
subgroup of L, and therefore must be trivial since L is semisimple. It follows that
Q ⊂ R = ker(p), and therefore Q ⊆ R ∩ N . Since we already had the reverse
containment, this shows that Q = R ∩N .
It follows that N = S ⋊ (R ∩N), with S a Levi subgroup of N . Therefore, we
have p(N) = p(S), and since p(N) = L by hypothesis, we see that dimS ≥ dimL.
Since L is a maximal semisimple subgroup of H , and since any two such subgroups
are conjugate in H , it follows that S too is a Levi subgroup of H . Since N is
normal in H , it follows that N contains all Levi subgroups of H , and in particular
L ⊂ N . 
Combining this lemma with the proposition before it, we find that L ⊂ Λi for
i = 1, 2. In particular, we have upL ∈ Λ1, and u
q
L ∈ Λ2. Let u
(p)
R = u
−p
L u
p and
u
(q)
R = u
−q
L u
q. Then u
(p)
R , u
(q)
R ∈ R, and both are unipotent elements. We find
(upL, u
q
L), (u
(p)
R , u
(q)
R ) ∈ Λ = stabH×Hλ. (4.4)
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The presence of (u
(p)
R , u
(q)
R ), rather than a pair of genuine powers of uR, is unap-
pealing, and can be easily rectified. Indeed, it is easy to see that
u
(p)
R =
p−1∏
k=0
u−kL uRu
k
L
= upR ·
p−1∏
k=0
u−1R u
−k
L uRu
k
L.
Since Λi is normal in H and L ⊂ Λi, we have u
k
L ∈ Λi and u
−1
R u
−k
L uR ∈ Λi for all
k ∈ Z, i = 1, 2. Therefore
p−1∏
k=0
u−1R u
−k
L uRu
k
L ∈ Λ1 and
q−1∏
k=0
u−1R u
−k
L uRu
k
L ∈ Λ2,
and so we find (
p−1∏
k=0
u−1R u
−k
L uRu
k
L,
q−1∏
k=0
u−1R u
−k
L uRu
k
L
)
∈ Λ.
But, on combining this with the above expression for u
(p)
R and (4.4), we see that
we also have
(upR, u
q
R) = (u
(p)
R , u
(q)
R ) ·
(
p−1∏
k=0
u−1R u
−k
L uRu
k
L,
q−1∏
k=0
u−1R u
−k
L uRu
k
L
)−1
∈ Λ.
We pause to formally record these points.
Proposition 4.5. Let all notation be as above for the connected, simply connected
Lie group H. Then the following holds for all but finitely many pairs of primes
p 6= q: if λ is an ergodic joining of the systems (XH , u
p, νH) and (XH , u
q, νH)
which is supported on the closure of the (up, uq) orbit of (Γe,Γe), then we have
both
(upL, u
q
L) ∈ stabH×Hλ
and
(upR, u
q
R) ∈ stabH×Hλ.
The short exact sequence
1 −→ R −→ H
p
−→ L −→ 1
gives rise to a fibration
1 −→ XR −→ XH
π
−→ XL −→ 1,
hence also a fibration
1 −→ XR ×XR −→ XH ×XH
π×π
−−→ XL ×XL −→ 1.
For every y ∈ XL, we may identify the fiber Fy := π
−1({y}) with XR = ΓR\R:
fix once and for all a Borel measurable section σ : XL → L of the projection
L → XL, the existence of which is guaranteed by the results of [Mac]. This
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section need not be differentiable or even continuous, and the reader may rightly
worry that this will cause problems in our analysis, since Ratner’s theorems only
apply as stated to continuous functions, and moreover we will be using aspects of
harmonic analysis on the nilmanifold XR that only apply to continuous functions.
However, the reason we are safe to work with a section that is only measurable is
that we have, at this point, already employed the continuity of f and the genericity
of the point x for νH to obtain the joining λ. All of our work will now proceed
relative to λ and the various Haar measures involved, at which level the distinction
between continuity and mere measurability is not harmful.
That said, the continuity of f (and in fact its differentiablility, which we will
assume shortly), will be essential to our arguments involving harmonic analysis,
since we will be examining the fine properties of f in the XR fibers mentioned
above. The point is that it is only the properties of f in νL-almost all of these fibers
that are relevant, once we take averages against the various pertinent measures.
We will be clear in what follows at which points we are exploiting the continuity or
differentiability of f , versus the ability to restrict our attention to properties that
only hold almost everywhere with respect to some invariant measure of interest.
We will write σ(y) = y˜ ∈ L from here on. Then the map
ϕy : XR → Fy
ΓRr 7→ Γry˜
is clearly well-defined and is a homeomorphism, which explicitly identifies the
fibers of πL with XR.
The following useful fact, due to Witte Morris, will allow us to apply an inductive
argument to prove Mo¨bius disjointness, along the lines of [GT] and [Z].
Proposition 4.6 ([Wi] Proposition 2.6). Suppose that H is a connected Lie group
and Γ ⊂ H is a lattice, such that Γ\H supports an ergodic unipotent translation.
Then radH is nilpotent.
Since we are beginning with the assumption that Γ\H supports an ergodic
unipotent translation, we see that R is nilpotent. Our argument will proceed by
induction on the step d of R; thus the base case d = 1 is that in which R is abelian.
The following version of the Mautner phenomenon, due to Ratner, allows us to
reduce to the case in which the action of uR on XR is ergodic.
Proposition 4.7 ([R2] Proposition 1.5). Let H be a connected, simply connected
Lie group whose radical is nilpotent and which has no compact semisimple factors,
and let Γ be a lattice in H. Let U be a connected unipotent subgroup of H and N
the smallest closed connected normal subgroup of H such that U ⊂ N and N ∩ Γ
is a lattice in N .Then νH-almost every ergodic component of the action of U on
(Γ\H, νH) is an N-orbit.
Taking U = {exp(tvR) : t ∈ R}, where vR = log uR, the ergodic components of
the action of U on (XH , νH) agree with those of the action of uR. Since uR ∈ R,
R is a closed, connected, normal subgroup of H by construction, and Γ ∩ R is a
lattice in R by the above remarks, we see that N ⊂ R, where N is the subgroup
of the proposition. Replacing H with the smaller group L ⋊ N , we may assume
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that νH-a.e. ergodic component of the action of uR on (XH , νH) is an R-orbit. In
particular, we may assume that the action of uR on XR is ergodic (for the Haar
measure νR), and that the ergodic decomposition of νH for the uR action agrees
with the disintegration of νH over π : XH → XL:
νH =
∫
XL
νy dνL(y),
where νy is supported on Fy and satisfies (ϕ
−1
y )∗νy = νR, for νL-a.e. y ∈ XL.
This ergodicity now implies the following.
Proposition 4.8. For νL-a.e. y ∈ XL, the action of y˜uRy˜
−1 on XR is ergodic
relative to νR, and therefore uniquely and totally ergodic.
Proof. By Proposition 4.6, R is nilpotent. Thus we may apply a theorem of Leon
Green ([AGH]), which asserts that a rotation on a nilmanifold is ergodic if and
only if its projection to the associated horizontal torus is ergodic. Thus, it suffices
to assume that XR is a torus. Let
E =
{
ℓ ∈ L : the action of ℓuRℓ
−1 on (XR, νR) is not ergodic
}
.
By the ergodicity criterion for a rotation on a torus, we have
E =
⋃
χ∈X̂R
χ 6=χ0
Eχ
where
Eχ =
{
ℓ ∈ L : χ(ℓuRℓ
−1) = 1
}
and χ0 is the trivial character. Observe that Eχ is an analytic subvariety of
L. Moreover, no Eχ contains the identity element of L, since uR acts ergodically.
Therefore, each Eχ is a proper analytic subvariety of L, and thus has Haar measure
0 in L. Since X̂R is countable, it follows that the Haar measure of E is 0 as well.
But it’s then immediate that
νL
({
y ∈ XL : the action of y˜uRy˜
−1 on (XR, νR) is not ergodic
})
= 0,
as desired.
Finally, the statements of unique and total ergodicity are true in general for
ergodic nilrotations (cf. [Fra] page 10). 
Notice that for any r, r′ ∈ R we have
ϕy(ΓRrr
′) = Γrr′y˜ = Γry˜(y˜−1r′y˜) = ϕy(ΓRr)y˜
−1r′y˜, (4.5)
and y˜−1ry˜ ∈ R since R is normal in H .
Now observe that for any point y ∈ XL and any r ∈ R, we have
ϕ−1y (Γry˜u
p
R) = ϕ
−1
y
(
Γr
(
y˜upRy˜
−1
)
y˜
)
= ΓRr
(
y˜upRy˜
−1
)
. (4.6)
Let
λ =
∫
XL×XL
λ(y,z) d(νL × νL)(y, z) (4.7)
be the disintegration of λ with respect to π × π : XH × XH → XL × XL, where
we’ve used the assumption that (π × π)∗λ = νL × νL. For νL × νL-almost every
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pair (y, z) ∈ XL×XL, λ(y,z) is a Borel probability measure on XH×XH supported
on the fiber F(y,z) = (π × π)
−1{(y, z)} = Fy × Fz.
Observe that (up, uq) maps F(y,z) to F(yup
L
,zuq
L
). Since λ is (u
p, uq)-invariant, we
have for any (y, z) ∈ XL ×XL
(up, uq)∗λ(y,z) = λ(yup
L
,zuq
L
). (4.8)
We showed above (Proposition 4.5) that the Levi components (upL, u
q
L) and
(upR, u
q
R) also belong to Λ, the stabilizer of λ. Since R acts trivially on XL, we
therefore have
(upR, u
q
R)∗ λ(y,z) = λ(y,z)
for (νL × νL)-a.e. (y, z), so almost every λ(y,z) is invariant under the action
of (upR, u
q
R) on F(y,z). It follows from (4.6) that the image measure ρ(y,z) =
(ϕ−1(y,z))∗λ(y,z) on XR ×XR is invariant for the action of (y˜u
p
Ry˜
−1, z˜uqRz˜
−1).
We now show that we may reduce to the case that almost every ρ(y,z) is er-
godic for this action. Naturally, we would like to demonstrate this by means of
the ergodic decomposition of each of the (upR, u
q
R)-invariant measures λ(y,z). The
problem with this idea is that the measurable partition of XH ×XH to which this
decomposition gives rise a priori depends on (y, z), creating complications in the
order of logic should we attempt to average with respect to λ. However, this (y, z)
dependence may be removed in the following way.
Since λ is ergodic with respect to the action of (up, uq), it is algebraic by Ratner’s
measure classification theorem, and thus the probability space (XH ×XH , λ) may
be identified with the homogeneous space (XΛ, νΛ), where Λ = stabH×Hλ as above,
XΛ = (Λ ∩ Γ × Γ)\Λ, and νΛ is a Λ-invariant Borel probability measure on XΛ.
Since (upR, u
q
R) ∈ Λ by Proposition 4.5, we have by Proposition 4.7 that λ-a.e.
ergodic component of the action of (upR, u
q
R) on (XH×XH , λ) is an N -orbit, where
N is the smallest closed connected normal subgroup of Λ such that (upR, u
q
R) ∈ N
and N ∩ Γ× Γ is a lattice in N .
We clearly have N ⊂ Λ∩R×R; thus, if (x1, x2) ∈ XH ×XH , then the N -orbit
(x1, x2)N is contained in the fiber F(y1,y2) where yi = πL(xi). It follows that the
measurable partition determined by the ergodic decomposition of each λ(y,z) is
given by the partition of XH ×XH into N -orbits, which does not depend on (y, z)
(note, however, that the relevant ergodic measures on the atoms of this partition
do vary with λ(y,z)).
To summarize, there is a measurable partition ξ = {C(x, x′) : (x, x′) ∈ XH ×
XH} of XH × XH into (u
p
R, u
q
R)-invariant subsets C(x, x
′) ⊂ XH × XH , (x, x
′) ∈
C(x, x′), a probability measure P on XH ×XH/ξ, and ergodic (u
p
R, u
q
R)-invariant
Borel probability measures {λC(y,z) : C ∈ ξ, (y, z) ∈ XL × XL} such that λ
C
(y,z) is
supported on the fiber F(y,z) and∫
XH×XH
f ⊗ f dλ =
∫
XL×XL
∫
XH×XH
f ⊗ f dλ(y,z) d(νL × νL)(y, z)
=
∫
XH×XH/ξ
∫
XL×XL
∫
XH×XH
f ⊗ f dλC(y,z) d(νL × νL)(y, z) dP (C).
(4.9)
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Our proof of Mo¨bius disjointness in the case that R is abelain will make the
crucial assumption that f is in C1(XH). This causes no loss of generality at the
level of our proof of Theorem 1.1, since it should be clear (and we will show) that
we can prove this theorem for arbitrary continuous functions once we have it for
differentiable functions, by uniformly approximating the former class by the latter.
This differentiability will enter our analysis by allowing us to control the decay of
Fourier coefficients when we use harmonic analysis in the fibers of πL×πL (which,
we recall from above, have been explicitly identified with XR ×XR).
Observe that since the fiber measure λC(y,z) is ergodic for (u
p
R, u
q
R) for νL × νL-
a.e. (y, z) ∈ XL × XL and P -a.e. C ∈ XH × XH/ξ, (4.6) implies that ρ
C
(y,z) =
(ϕ−1y ×ϕ
−1
z )∗λ
C
(y,z) is ergodic for (y˜u
p
Ry˜
−1, z˜uqRz˜
−1) (with the same caveats on (y, z)
and C).
Given a continuous, bounded function f ∈ Cb(XH) and y ∈ XL, we may define
a continuous, bounded function fy on XR by setting fy(ΓRr) = f(ϕy(ΓRr)) =
f(Γry˜). We may now summarize the above discussion with the following.
Proposition 4.9. Let H be a connected, simply connected real Lie group, Γ ⊂ H
a lattice, and u ∈ H an Ad-unipotent element, such that the u-orbit of the identity
coset x = Γe ∈ XH is uniformly distributed with respect to νH . Let H = L⋊R be
the real Levi decomposition of H. Then the following holds for all but finitely many
pairs of primes p 6= q: for any ergodic joining λ of the systems (XH , u
p, νH) and
(XH , u
q, νH) which is supported on the orbit closure {(x, x)(upn, uqn)}n∈N, there
exist a probability space (Z, P ) and a family
{
ρC(y,z) : (y, z) ∈ XL ×XL, C ∈ Z
}
of
Borel probability measures on XR × XR such that for any continuous, bounded
function f on Γ\H, we have∫
XH×XH
f ⊗ f dλ =
∫
Z
∫
XL×XL
∫
XR×XR
fy ⊗ fz dρ
C
(y,z) d(νL × νL)(y, z) dP (C).
Moreover, for (νL × νL)-a.e. (y, z) ∈ XL ×XL and P -a.e. C ∈ Z, ρ
C
(y,z) is ergodic
for the action of (y˜upRy˜
−1, z˜uqRz˜
−1) on XR ×XR.
Our interest in this theorem arises from (4.1), which tells us that the left side
of the equation in the theorem governs the behavior of correlations of up and uq,
and thereby is connected to Mo¨bius disjointness by Theorem 1.2. We now show
how this works in practice, beginning with the case that R is abelian.
4.1. The case of abelian R. We apply the formula of Proposition 4.9:∫
XH×XH
f ⊗ f dλ =
∫
Z
∫
XL×XL
∫
XR×XR
fy ⊗ fz dρ
C
(y,z) d(νL × νL)(y, z) dP (C).
(4.10)
For each y ∈ XL, fy is a continuous function on the compact abelian group XR,
and therefore admits a Fourier expansion
fy(u) =
∑
χ∈X̂R
f̂y(χ)χ(u).
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We assume furthermore that f ∈ C1(XH), so that fy ∈ C
1(XR) and this series
converges pointwise. This causes no loss of generality for our proof of Mo¨bius
disjointness, as we will show below.
Since ρC(y,z) is a probability measure, the bounded convergence theorem now
allows us to exchange the order of sums and integrals for the expression inside the
integral over Z:∫
XL×XL
∫
XR×XR
fy ⊗ fz dρ
C
(y,z) d(νL × νL)(y, z)
=
∫
XL×XL
∫
XR×XR
∑
χ,ψ∈X̂R
f̂y(χ)f̂z(ψ)χ⊗ ψ dρ
C
(y,z)d(νL × νL)(y, z)
=
∫
XL×XL
∑
χ,ψ∈X̂R
f̂y(χ)f̂z(ψ)
∫
XR×XR
χ⊗ ψ dρC(y,z) d(νL × νL)(y, z) (4.11)
We are not yet justified to move the sum over χ, ψ further past the integral over
XL×XL. In order to do this, observe that since R is simply connected and abelian,
we may identify X̂R with Z
k, where k = dimR. Let
ZkN = {m ∈ Z
k : |m| ≤ N},
where |(m1, . . . , mk)| = |m1|+ · · ·+ |mk|. Identifying each character χ ∈ X̂R with
the corresponding m ∈ Zk, we may unambiguously consider f̂y(m), and we claim
that the function on XL ×XL given by
(y, z) 7→
∑
χ,ψ∈X̂R
f̂y(χ)f̂z(ψ)
∫
XR×XR
χ⊗ ψ dρC(y,z),
which can equivalently be written as
(y, z) 7→
∑
m,m′∈Zk
f̂y(m)f̂z(m
′)
∫
XR×XR
χm ⊗ χm′ dρ
C
(y,z),
is the pointwise limit of the sequence of functions defined for N ≥ 1 by
(y, z) 7→
∑
m,m′∈Zk
N
f̂y(m)f̂z(m
′)
∫
XR×XR
χm ⊗ χm′ dρ
C
(y,z).
Indeed, if y, z are fixed, then the difference between the full sum over m,m′ and
its N -truncated version is∑
m,m′∈Zk
|m|,|m′|>N
f̂y(m)f̂z(m
′)
∫
XR×XR
χm ⊗ χm′ dρ
C
(y,z).
We claim that this sum converges absolutely, and that its absolute value goes to
0 as N → ∞. Notice that |
∫
XR×XR
χm ⊗ χm′ dρ
C
(y,z)| ≤ 1, because χm, χm′ are
characters and ρC(y,z) is a probability measure. Thus, the absolute value of this
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expression is bounded by ∑
m,m′∈Zk
|m|,|m′|>N
∣∣∣f̂y(m)f̂z(m′)∣∣∣ ,
assuming this expression converges.
We have already assumed above that f ∈ C1(XH); we now go further and
assume that f ∈ C2(XH), which will be justified in a similar fashion below. We
then have the standard decay of Fourier coefficients:∣∣∣f̂y(m)∣∣∣ ≤ M(fy)
(1 + |m|)2
,
where M(fy) > 0 depends only on fy, and similarly for f̂z(m
′). Therefore, the
expression of interest is bounded by
M(fy)M(fz)
∑
m,m′∈Zk
|m|,|m′|>N
1
(1 + |m|)2
·
1
(1 + |m′|)2
.
This clearly converges to 0 as N → ∞, because the corresponding sum over all
m,m′ ∈ Zk converges.
This yields the desired pointwise convergence, and thus we may again apply the
bounded convergence theorem to conclude in all that∫
XL×XL
∑
χ,ψ∈X̂R
f̂y(χ)f̂z(ψ)
∫
XR×XR
χ⊗ ψ dρC(y,z) d(νL × νL)(y, z)
=
∑
χ,ψ∈X̂R
∫
XL×XL
f̂y(χ)f̂z(ψ)
∫
XR×XR
χ⊗ ψ dρC(y,z) d(νL × νL)(y, z). (4.12)
By Proposition 4.9, ρC(y,z) is ergodic for a unipotent translation on XR × XR,
and therefore is algebraic by Ratner’s measure classification theorem, meaning it is
supported on an orbit of stab(R×R) ρ
C
(y,z) := S
C
(y,z). Moreover, the point (rC , sC) on
whose SC(y,z) orbit the measure ρ
C
(y,z) is supported does not depend on (y, z). This is
because, following our discussion above, the ergodic decomposition of almost every
λ(y,z) for the action of (u
p
R, u
q
R) on XH × XH equals the partition into N -orbits,
where N is determined solely by λ. Thus, the points (rC , sC) parametrize these
N -orbits in the fibers of πL × πL, which we have identified with XR ×XR. As we
have N ⊂ R×R, the points (rC , sC) ∈ XR ×XR are determined by the partition
of XR×XR into N -orbits (each C is an N -orbit, and we have (rC , sC) ∈ C), with
no dependence on (y, z).
Consequently, we have∫
XR×XR
χ(r)ψ(s) dρC(y,z) =
{
χ(rC)ψ(sC) if (χ⊗ ψ)|SC
(y,z)
is trivial
0 else.
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Since SC(y,z) contains (y˜u
p
Ry˜
−1, z˜uqRz˜
−1), and since ρC(y,z) is ergodic for the action
thereof, we see that∫
XR×XR
χ⊗ ψ dρC(y,z) =
{
χ(rC)ψ(sC) if χ(y˜u
p
Ry˜
−1)ψ(z˜uqRz˜
−1) = 1
0 if not.
Therefore, (4.10) and (4.12) together yield the following formula:∫
XH×XH
f⊗f dλ =
∫
Z
∑
χ,ψ∈X̂R
χ(rC)ψ(sC)
∫
Xp,q
L
(ψ,χ)
f̂y(χ)f̂z(ψ) d(νL×νL)(y, z) dP (C)
(4.13)
where
Xp,qL (χ, ψ) =
{
(y, z) ∈ XL ×XL : χ(y˜u
p
Ry˜
−1)ψ(z˜uqRz˜
−1) = 1
}
.
Now, introduce the set
Lp,q(ψ, χ) =
{
(ℓ1, ℓ2) ∈ L× L : χ(ℓ1u
p
Rℓ
−1
1 )ψ(ℓ2u
q
Rℓ
−1
2 ) = 1
}
.
Observe that Lp,q(ψ, χ) is an analytic subvariety of L× L, since the group opera-
tions in H and the characters ψ, χ on R are analytic. However, any analytic subva-
riety of L×L which is not equal to L×L has Haar measure zero (it is well-known
that, in any system of local coordinates, the Haar measure is absolutely continuous
with respect to the Lebesgue measure). Since Xp,qL (ψ, χ) ⊆ (π × π)(L
p,q(ψ, χ)),
where π : L→ XL is the projection, we see that we have the following dichotomy:
either
• Lp,q(ψ, χ) = L×L, so Xp,qL (ψ, χ) = XL×XL and (νL×νL)(X
p,q
L (ψ, χ)) = 1,
or
• Lp,q(ψ, χ) 6= L× L, and then (νL × νL)(X
p,q
L (ψ, χ)) = 0.
Consequently, (4.13) becomes∫
XH×XH
f ⊗ f dλ =
∫
Z
∑
χ,ψ
Lp,q(ψ,χ)=L×L
f̂(χ)f̂(ψ)χ(rC)ψ(sC) dP (C) (4.14)
where
f̂(χ) =
∫
XL
f̂y(χ) dy.
Observe, however, that if Lp,q(ψ, χ) = L×L then we have in particular χ(upR)ψ(u
q
R) =
1, which implies by the ergodicity of uR acting on XR that χ
p = ψ−q. As this will
turn out to be the central point of our argument below, we write (4.14) as∫
XH×XH
f ⊗ f dλ =
∫
Z
∑′
χ,ψ
χp=ψ−q
f̂(χ)f̂(ψ)χ(rC)ψ(sC) dP (C), (4.15)
where the primed summation is restricted to those pairs of characters such that
Lp,q(ψ, χ) = L× L.
We are now in a position to prove Mo¨bius disjointness in the abelian case,
yielding the base of induction on the step of the nilradical of H .
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Proof of Theorem 1.1 for the case of abelian R. First, we may suppose without
loss of generality that
∫
XH
f dνH = 0. Indeed, for any constant c we have∑
n≤N
µ(n)f(xun) =
∑
n≤N
µ(n)(f(xun)−c)+c
∑
n≤N
µ(n) =
∑
n≤N
µ(n)(f(xun)−c)+o(N)
by the prime number theorem. Since x 7→ f(x)−c remains a continuous, bounded
function on XH , all of our work above applies to this function in place of f , with
c =
∫
XH
f dνH .
Furthermore, we may assume that f belongs to C1(XH). Indeed, if f is an
arbitrary continuous function, and fk a sequence of C
1 functions which converge
to f uniformly, then for any ǫ > 0 we have for N ≥ 1 and all sufficiently large k
1
N
∑
n≤N
µ(n)f(xun) =
1
N
∑
n≤N
µ(n)fk(xu
n) +O(ǫ).
If Mo¨bius disjointness is known for C1 functions, we may choose k so large that
the first term above is smaller than ǫ as well, making it clear that limit of the
expression on the left as N →∞ must be zero.
Now, notice that
f̂(χ0) =
∫
XL
f̂y(χ0) dy
=
∫
XL
∫
XR
f(Γry˜) dr dy
=
∫
XH
f dνH
= 0.
Therefore, the expression on the right side of (4.15) becomes∫
Z
∑′
χ,ψ
χp=ψ−q
f̂(χ)f̂(ψ)χ(rC)ψ(sC) dP (C) =
∫
Z
∑′
χ,ψ 6=χ0
χp=ψ−q
f̂(χ)f̂(ψ)χ(rC)ψ(sC) dP (C).
Since R is simply connected and abelian, it is isomorphic to Rk, where k = dimR.
Therefore XR is isomorphic to the torus T
k, and X̂R may be identified with Z
k,
from which it is easily seen that∫
Z
∑′
χ,ψ 6=χ0
χp=ψ−q
f̂(χ)f̂(ψ)χ(rC)ψ(sC) dP (C) =
∫
Z
∑′
χ 6=χ0
f̂(χ−q)f̂(χp)χ−q(rC)χ
p(sC) dP (C).
We now write out the integral over XL in the definition of f̂(χ) in order to estimate
these coefficients by averaging over the restrictions of f to fibers, which gives in
all∫
XH×XH
f ⊗ f dλ =
∫
Z
∫
XL×XL
∑′
χ 6=χ0
χ−q(rC)χ
p(sC)f̂y(χ
−q)f̂z(χ
p) dy dz dP (C).
(4.16)
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For each y ∈ XL, the functions χ 7→ f̂y(χ
−q) and χ 7→ f̂y(χ
p) belong to
ℓ2(X̂R) by Plancherel’s theorem. The same is then true of the functions χ 7→
f̂y(χ
−q)χ−q(rC) and χ 7→ f̂y(χ
p)χp(sC) since |χ| ≡ 1. Thus, for each y, z ∈ XL
and C ∈ Z, we have by the Cauchy-Schwarz inequality∣∣∣∣∣∑′
χ 6=χ0
χ−q(rC)χ
p(sC)f̂y(χ
−q)f̂z(χ
p)
∣∣∣∣∣
2
≤
∑′
χ 6=χ0
∣∣∣f̂y(χ−q)∣∣∣2 ∑′
χ 6=χ0
∣∣∣f̂z(χp)∣∣∣2 ,
and the sums on the right side both converge. Note that this estimate does
not depend on C. Hence, on combining this with (4.16) and using the triangle
inequality to eliminate the integral over Z, we get the estimate∣∣∣∣∫
XH×XH
f ⊗ f dλ
∣∣∣∣ ≤ ∫
XL×XL
(∑
χ 6=χ0
∣∣∣f̂y(χ−q)∣∣∣2 ∑
χ 6=χ0
∣∣∣f̂z(χp)∣∣∣2)1/2 dy dz, (4.17)
where the positivity allows us to remove the prime on the summation.
We now use the standard decay of Fourier coefficients for C1 functions. Ac-
cording to this, since each fy is differentiable on XR, we have for each m =
(m1, . . . , mk) ∈ Z
k (now identifying X̂R with Z
k, so that f̂y(m) makes sense)
|f̂y(m)| ≤ ck
max(‖fy‖L1,maxi=1,...,k ‖
∂
∂xi
fy‖L1)
1 + |m|
,
where ck > 0 depends only on k, and (x1, . . . , xk) are the coordinates on T
k. Let
M(fy) = max(‖fy‖L1,maxi=1,...,k ‖
∂
∂xi
fy‖L1). Then we see∑
m6=0
∣∣∣f̂y(qm)∣∣∣2 ≤ c2kM(fy)2∑
m6=0
1
(1 + |qm|)2
=
c2kM(fy)
2
q2
∑
m6=0
1
(q−1 + |m|)2
≤ CkM(fy)
2q−2,
where Ck is c
2
k multiplied by the value of the convergent sum
∑
m6=0∈Zk |m|
−2.
Plugging this inequality into (4.17), we find∣∣∣∣∫
XH×XH
f ⊗ f dλ
∣∣∣∣ ≤ C2kpq
∫
XL×XL
M(fy)M(fz) dy dz. (4.18)
Our only remaining obstacle is to show that the integral on the right side of this
expression converges. Observe that
‖fy‖L1 =
∫
XR
|f(Γry˜)| dνR ≤ ‖f‖∞,
so M(fy) ≤ max(‖f‖∞,maxi=1,...,k ‖
∂
∂xi
fy‖L1(XR)). At the same time, since π :
XH → XL is a surjective submersion, we may introduce local coordinates on
XH around x in such a way that the coordinates of x are (x1, . . . , xk, y1, . . . , ys),
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where (x1, . . . , xk) are coordinates on T
k and (y1, . . . , ys) are the coordinates of
y = π(x) ∈ XL. In this system of local coordinates, we have
∂
∂xi
fy(ΓRr) =
∂
∂xi
f(x),
where x = Γry˜. Since f is assumed to be differentiable, we have (∂/∂xi)f ∈
L1(XH); thus, we find∫
XL
∥∥∥∥ ∂∂xi fy
∥∥∥∥
L1(XR)
dy =
∫
XL
∫
XR
∣∣∣∣ ∂∂xi fy(ΓRr)
∣∣∣∣ dνR dy
=
∫
XH
∣∣∣∣ ∂∂xi f(x)
∣∣∣∣ dx
=
∥∥∥∥ ∂∂xi f
∥∥∥∥
L1(XH )
.
Consequently, we have∫
XL
M(fy) dy ≤ max
(
‖f‖∞, max
i=1,...,k
∫
XL
∥∥∥∥ ∂∂xi fy
∥∥∥∥
L1(XR)
dy
)
= max
(
‖f‖∞, max
i=1,...,k
∥∥∥∥ ∂∂xi f
∥∥∥∥
L1(XH )
)
<∞.
Thus, (4.18) finally yields ∣∣∣∣∫
XH×XH
f ⊗ f dλ
∣∣∣∣ ≤ 1pqCf , (4.19)
where Cf > 0 only depends on f , not on p or q. Putting things together, we see
that if τ > 0 and p, q > (τCf)
−1/2, then∣∣∣∣∫
XH×XH
f ⊗ f dλ
∣∣∣∣ < τ.
Since (τCf )
−1/2 = o(e1/τ ), the proof of Theorem 1.2 [BSZ] therefore implies that∑
n≤N
µ(n)f(xun) = o(N),
as desired.

4.2. The case of general R. We now prove Theorem 1.1 when R, the radical of
H , is not necessarily abelian (recall that R is nilpotent by Proposition 4.6). Our
argument proceeds by induction on d, the step of the nilpotent group R, with the
base case d = 1 carried out above. In order to mimic the proof in the abelian case,
we will use harmonic analysis on the nilpotent group R, and specifically the notions
of “vertical Fourier analysis” ([GT],[Zo]). Let R be a nilpotent group of nilpotency
class d (i.e. its descending central series has length d+1), and Γ ⊂ R a lattice. A
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continuous function g on the nilmanifold Γ\R is called a vertical character if there
exists a character χ of the compact abelian group Γ ∩Rd\Rd = Γd\Rd such that
g(vrd) = g(v)χ(Γdrd) for all v ∈ Γ\R, rd ∈ Rd.
Given any continuous function g on Γ\R and character χ ∈ Γ̂d\Rd, we define
gχ(v) :=
∫
Γd\Rd
g(vrd)χ(rd) drd.
Then gχ is a vertical character of Γ\R, with χ the associated character of Γd\Rd,
and we have the vertical Fourier series
g =
∑
χ∈Γ̂d\Rd
gχ in L2(Γ\R),
with pointwise convergence if e.g. g is differentiable.
We now apply this expansion in the setting of Theorem 1.2, assuming f ∈
C1(XH). By (4.1), we have for any p 6= q
lim
N→∞
1
N
∑
n≤N
f(xupn)f(xuqn) =
∫
XH×XH
f ⊗ f dλ (4.20)
for an appropriate joining λ. We prove by induction on d that there is a constant
Cf > 0 depending only on f such that∣∣∣∣∫
XH×XH
f ⊗ f dλ
∣∣∣∣ ≤ 1pqCf .
By Proposition 4.9, we have for all but finitely many p 6= q that (using the notation
therein)∫
XH×XH
f ⊗ f dλ =
∫
Z
∫
XL×XL
∫
XR×XR
fy ⊗ fz dρ
C
(y,z) d(νL × νL)(y, z) dP (C)
=
∑
χ,ψ∈Γ̂d\Rd
∫
Z
∫
XL×XL
∫
XR×XR
fχy ⊗ f
ψ
z dρ
C
(y,z) d(νL × νL)(y, z) dP (C),
(4.21)
where the exchange of sums and integrals is justified by the pointwise convergence
of the vertical Fourier series and the bounded convergence theorem, since each fy
is differentiable on XR.
Now, the triviality of χ0 means that for each y ∈ XL, the vertical character f
χ0
y
on XR is Rd-invariant; thus it passes to a continuous function on the nilmanifold
Γ\R/Rd. The nilpotent group R/Rd has strictly lower step than R, and thus we
may apply the inductive hypothesis to assert that∣∣∣∣∫
Z
∫
XL×XL
∫
XR×XR
fχ0y ⊗ f
χ0
z dρ
C
(y,z) d(νL × νL)(y, z) dP (C)
∣∣∣∣ ≤ 1pqCf , (4.22)
where Cf depends only on f .
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It remains to deal with∑′
χ,ψ
∫
Z
∫
XL×XL
∫
XR×XR
fχy ⊗ f
ψ
z dρ
C
(y,z) d(νL × νL)(y, z) dP (C),
where the primed summation runs over pairs of characters χ, ψ, at least one of
which is nontrivial.
Following [Z], we claim that for νL × νL-a.e. (y, z) ∈ XL × XL and P -a.e.
C ∈ Z, the support of ρC(y,z) is invariant under the action of Rd × Rd. Indeed, by
a theorem of Leon Green [AGH], if G is a nilpotent group and Γ ⊂ G a lattice,
then a translation on Γ\G is ergodic relative to the Haar measure if and only
if its projection to the horizontal torus Γ\G/[G,G] is ergodic. Letting XhorR be
the horizontal torus associated to XR, it follows from the ergodicity of ρ
C
(y,z) for
(y˜upRy˜
−1, z˜uqRz˜
−1) that for νL × νL-a.e. (y, z) ∈ XL × XL and P -a.e. C ∈ Z we
have
stabR×R
(
ρC(y,z)
)
=
⋂
ω,ξ∈ ̂Xhor
R
ω(y˜up
R
y˜−1)ξ(z˜uq
R
z˜−1)=1
ker(ω ⊗ ξ)
(where we use the same symbol to denote a character of XhorR and its pullback to
R).
Since d > 1, we have Rd ⊂ [R,R]. It follows that Rd × Rd ⊂ ker(ω ⊗ ξ) for
every ω, ξ ∈ X̂horR , which proves the desired Rd × Rd-invariance.
Hence, for any rd, sd ∈ Rd × Rd and any χ, ψ ∈ Γ̂d\Rd, at least one of which is
nontrivial, we have∫
XR×XR
fχy ⊗ f
ψ
z dρ
C
(y,z) =
∫
XR×XR
fχy (vrd)f
ψ
z (wsd) dρ
C
(y,z)(v, w)
= χ(Γdrd)ψ(Γdsd)
∫
XR×XR
fχy ⊗ f
ψ
z dρ
C
(y,z),
and it follows that ∫
XR×XR
fχy ⊗ f
ψ
z dρ
C
(y,z) = 0.
Combining this with (4.21), we see that∫
XH×XH
f ⊗ f dλ =
∫
Z
∫
XL×XL
∫
XR×XR
fχ0y ⊗ f
χ0
z dρ
C
(y,z) d(νL × νL)(y, z) dP (C),
and thus, by (4.22), ∣∣∣∣∫
XH×XH
f ⊗ f dλ
∣∣∣∣ ≤ 1pqCf .
Theorem 1.2 now yields ∑
n≤N
µ(n)f(xun) = o(N),
proving Theorem 1.1. 
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